Inspired by the newly observed DsJ (3040) + state, in this work we systemically study the twobody strong decays of P-wave charmed-strange mesons with the first radial excitation. Under the assignment of 1 + (j P = 1 2 + ), i.e. the first radial excitation of Ds1 (2460) + , we find that the width of DsJ (3040) + is close to the lower limit of the BaBar measurement. This indicates that it is reasonable to interpret DsJ (3040) + as the first radial excitation of Ds1 (2460 + . To help future experiments finding the remaining three P-wave charmed-strange mesons with the first radial excitation, we present the predictions for the strong decays of these three P-wave charmed-strange mesons.
Inspired by the newly observed DsJ (3040)
+ state, in this work we systemically study the twobody strong decays of P-wave charmed-strange mesons with the first radial excitation. Under the assignment of 1 + (j P = 1 2 + ), i.e. the first radial excitation of Ds1(2460) + , we find that the width of DsJ (3040)
+ is close to the lower limit of the BaBar measurement. This indicates that it is reasonable to interpret DsJ (3040)
+ as the first radial excitation of Ds1 (2460 + . To help future experiments finding the remaining three P-wave charmed-strange mesons with the first radial excitation, we present the predictions for the strong decays of these three P-wave charmed-strange mesons. was firstly announced by the Babar Collaboration [4] and confirmed by the Belle Collaboration later [2] . Very recently the Babar experiment found D * s1 (2710) again in the D * K invariant mass spectrum [3] . Another newly observed charmed-strange meson is D * sJ (2860), which was observed in both DK [4] and D * K channels [3] . The phenomenological proposals of the quantum number of D * sJ (2860) include J P = 3 − [5, 6] and J P = 0 + [6, 7, 8] . As indicated by the Babar experiment, J P = 0 + assignment for D * sJ (2860) is forbidden according to the parity conservation since the D * K decay mode of D * sJ (2860) was observed in Ref. [3] . A series of theoretical work [5, 6, 7, 8, 9, 10, 11, 12, 13] 
−42 (syst) MeV [3] . The observation of D sJ (3040) not only makes the spectrum of the charmed-strange meson abundant (the mass spectrum of the observed charmed-strange mesons are listed in Fig. 1 ), but also stimulates our interest in exploring its underlying structure.
As indicated by the Babar Collaboration, D sJ (3040) was only observed in D * K channel while not find in DK decay mode. Thus, its possible quantum number includes J P = 1 If D sJ (3040) as the radial excitation of P-wave charmed-strange state is true, further experiment is of the potential to search the rest three radial excitations of P-wave charmed-strange states. Thus, a systematical phenomenological study of the strong decay mode of P-wave charmed-strange mesons with the first radial excitation is an important and interesting topic. By this study, we will not only obtain the information the decays of these P-wave charmed-strange mesons, but also can test 1 + quantum number assignment to D sJ (3040) comparing calculated decay width with the experimental data.
In this work, we will be dedicated to the study of the strong decay modes of P-wave charmed-strange mesons with the radial excitation by the 3 P 0 model [15, 16, 17, 18, 19, 20, 21] . Further we will obtain the information of the order of magnitude of the strong decay modes of D sJ (3040). The paper is organized as follows. After the introduction, we briefly review the 3 P 0 model and present the formulation of the strong decays of P-wave charmed-strange mesons with the radial excitation. Finally, the numerical result will be shown. The last section is a short summary.
II. THE STRONG DECAY OF P-WAVE CHARMED-STRANGE MESONS WITH THE RADIAL EXCITATION
Before illustrating the strong decay of P-wave charmed-strange mesons with the radial excitation, we first introduce the category of the heavy flavor meson.
In the heavy quark limit m Q → ∞, the heavy quark plays a role of a static color source to interact with the light part within the heavy flavor hadron. Thus, the spin of the heavy quark s Q can be separated from the total angular momentum J of the heavy flavor hadron. Furthermore, j ℓ = s q + L is a good quantum number, where s q and L denote the spin of the light part of the heavy flavor hadron and the orbital angular momentum between the light part and the heavy quark, respectively.
Thus, the heavy mesons can be grouped into doublets according to j 
where one takes the mixing angle θ = − tan
• according to the estimate in the heavy quark limit. For P-wave charmed-strange mesons with the radial excitation discussed in this work, one also categorizes them as S = (0 + , 1 + ) and T = (1 + , 2 + ) doublets according to the above approach. Two 1 + states are the mixture of two basis states 2 1 P 1 and 2 3 P 1 , which satisfy the below relation
In this work, we approximately take θ ′ = θ = −54.7
• . For distinguishing P-wave states with and without the first radial excitation, one labels four P-wave states without the first radial excitation as 0 + (S), 1 + (S), 1 + (T ) and 2 + (T ). Four P-wave states with the first radial excitation are named as 0
. If we set the upper limit of the masses of P-wave states with the first radial excitation as 3.04 GeV, the kinematically allowed decay modes of P-wave states with the first radial excitation are listed in Table I . In the following, the 3 P 0 model will be applied to calculate these strong decays in Table I .
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Decay modes Decay channels
The relevant strong decay modes of P-wave charmed-strange mesons with the first radial excitation allowed by the conservation of the quantum number. Here "×" denotes that the decay modes are kinematically forbidden if setting the upper limit of the masses of P-wave states with the first radial excitation as 3.04 GeV. Since the 1 + state in the (1 [16, 17, 18, 19, 20, 21] and is successful when applied extensively to the calculation of the strong decay of hadron [6, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] .
In the QPC model, the heavy flavor meson decay occurs through a quark-antiquark pair production from the vacuum, which is of the quantum number of the vacuum, i.e. 0 ++ [15, 16] . For describing a strong decay process of the charmed-strange meson A(c(1)s(2)) → B(c(1)q(3)) + C(s(2)q(4)), one writes out the S-matrix
(1)
In the non-relativistic limit, the transition operator T is depicted as
where i and j denote the SU (3) color indices of the created quark and anti-quark. ϕ 
is the ℓth solid harmonic polynomial. γ is a dimensionless constant which represents the strength of the quark pair creation from the vacuum and can be extracted by fitting the data.
For the convenience of the calculation, one usually takes the mock state to depict the meson [34] 
which satisfies the normalization conditions
is the spatial wave function describing the meson.
Taking the center of the mass frame of the meson A: K A = 0 and K B = −K C = K, further we obtain a general expression of eq. (1)
The color matrix element ω 
which describes the overlap of the initial meson (A) and the created pair with the two final mesons (B and C).
In this work, we use the simple harmonic oscillator (HO) wave function to represent the radial portions of the meson space wavefunction. The wave functions corresponding to the states with nL = 1S, 1P, 2P are respectively
which satisfy the normalization ψ *
is the relative momentum between the quark and the antiquark within a meson when considering the quark mass difference. These HO wave functions are relevant to the calculation of the strong decay of P-wave states with the first radial excitation.
The helicity amplitude satisfies the relation
In terms of the partial wave amplitude, one obtains the partial decay width
where |K| denotes the three momentum of the daughter mesons in the parent's center of mass frame. The partial wave amplitude M JL is related to the helicity amplitude M MJ A MJ B MJ C via the Jacob-Wick formula [35] M JL (A → BC)
where J = J B + J C and J A + J P = J B + J C + L. The calculation of transition amplitude using the 3 P 0 model involves two parameters: the strength of quark pair creation from vacuum γ and R in the harmonic oscillator wavefunction. γ is an universal parameter which was already fixed from other channels as indicated in Ref. [36] . The value of R is chosen to reproduce the Root Mean Square (RMS) radius obtained by solving the schrödinger equation with the linear potential.
B. The partial wave amplitude of two-body strong decays of P-wave states with the first radial excitation
With the preparation mentioned above, we obtain the partial wave amplitude of the strong decays of the P-wave states with the first radial excitation, which are listed in Table I . In Table II , the concrete expression of the partial wave amplitude is given. The details of the spatial integral I ML A ,m ML B ,ML C (K) are given in the appendix.
State Decay channel
Partial wave amplitude
EAEBECγ`2I 
+ 2I
10 10´0 ABLE II: The expression of the partial wave amplitude for the strong decays of P-wave states with the first radial excitation. Here α = 2/ √ 18, −1/3 are for the strong decay involved in η and η ′ mesons respectively while α = 1/ √ 3 is for the other strong decays, which are the result from the flavor matrix element.
C. Numerical result
The input parameters involved in the 3 P 0 model include the strength of quark pair creation from the vacuum, the R value in the HO wave function and the mass of the meson. One takes the strength of quark pair creation from the vacuum as γ = 6.3 [36] , which is √ 96π times larger than that adopted by the other theoretical groups [31, 37] . The strength of ss creation satisfies γ s = γ/ √ 3 [17] . If reproducing the realistic root mean square (RMS) radius by solving the schrödinger equation with the linear potential, one can obtain the value of R in the HO wave function [36] . The mass and the R value used in this work are shown in Table III Table I . Here (±) and (0) denote the charge of the meson.
If the mass of the charmed-strange meson with 0 + (S ⋆ ) is 2.837 GeV predicted in Ref. [14] , there only exists the decay channel 0 + (S ⋆ ) → 0 − + 0 − , which is allowed by the phase space. In Fig. 2 , we give the dependence of the 
is encouraged in terms of the ratio
Under the assignment of 1 + (T ⋆ ) to D sJ (3040), we can obtain the variation of the strong decays for 1
− with the factor R A (R value of the HO wavefunction of 1 + (T ⋆ )) which is depicted in Fig. 4 . Furthermore, the dependence of the total decay width on the R A value is listed in Fig. 7 . The total decay width of D sJ (3040) + is about 33.8 MeV with R A = 2.8 GeV −1 , which is consistent with our knowledge, i.e., the 1 + state existing T doublet is of narrow width. In fact, the result of the decay of 1 + (T ⋆ ) state further indicates that D sJ (3040) + can not be explained as 1 + (T ⋆ ) charmed-strange meson. One also predicts that the partial decay widths corresponding to the decay channels 1
.3 MeV, 13.0 MeV, 10.1 MeV, 9.9 × 10 −1 MeV, 3.5 MeV and 1.3 × 10 −1 MeV, respectively. These numerical results show that 1
channels are important when searching 1 + (T ⋆ ) state in experiment. 
− with the factor RA of the HO wavefunction of 1 + (S ⋆ ). Here the total partial decay width is labeled by "total" in diagrams.
The dependence of the strong decays 2
− on the factor R A (R value of the HO wavefunction of 2 + (T ⋆ )) is given in Fig. 5 . Here, we take the mass of 2 + (T ⋆ ) as 3.157 GeV [14] . When taking R A = 2.8 GeV −1 , the total decay width of 2 + (T ⋆ ) is 87.9 MeV (see Fig. 7 ), and the partial decay widths (see Fig. 5 ) respectively corresponding to 2 
III. SUMMARY
Stimulated by the newly observed charmed-strange meson D sJ (3040) + , we systemically study the two-body strong decays of P-wave charmed-strange mesons with the first radial excitation.
Our numerical results show that D sJ (3040) + can be categorized as 1
+ is the first radial excitation of D s1 (2460) + . We suggest experimentalist to search D sJ (3040)
In the past six years, Babar and Belle experiments have made big progress in searching for charmed-strange mesons, which lets us believe that more charmed-strange mesons will be found in future experiment. If D sJ (3040)
+ is the first radial excitation of D s1 (2460) + , there must exist three partners of D sJ (3040) + , which are the rest three P-wave charmed-strange mesons with the first radial excitation. In this work, we also study the strong decays of the rest three P-wave charmed-strange mesons with the first radial excitation. Our numerical result (see the presentation in the subsection of numerical result) will be helpful to instruct future experimental search of the remaining three P-wave charmed-strange mesons with the first radial excitation. 
− with the factor RA of the HO wavefunction of 1 + (T ⋆ ). Here the total partial decay width is labeled by "total" in diagrams.
Note added. When this manuscript was completed, a work of D sJ (3040) + appeared [38] . In this work, authors investigated the D s mesons by a semi-classic flux tube model and explained D sJ (3040) + as 1 one presents the result of the spatial integral of 2P → 1S + 1S listed in Table II :
I 0 = I 00 = 2 √ 2π 3/2 ω 1 ∆(1 − ∆)λ|K|
The spatial integrals for 2P → 1P + 1S, which are involved in the expressions shown in Table II 
I 01 10 = I 0−1 Here, 
